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2-SELMER GROUPS AND THE BIRCH-SWINNERTON-DYER
CONJECTURE FOR THE CONGRUENT NUMBER CURVE
ROBERT C. RHOADES
Abstrat. We take an approah toward ounting the number of n for whih the urvesEn :
y2 = x3−n2x have 2-Selmer groups of a given size. This question was also disussed in a pair
of papers by Roger Heath-Brown [6, 7℄. We disuss the onnetion between omputing the
size of these Selmer groups and verifying ases of the Birh and Swinnerton-Dyer Conjeture.
The key ingredient for the asymptoti formulae is the independene of the Legendre symbol
evaluated at the prime divisors of an integer with exatly k prime fators.
1. Introdution
A problem dating bak to the tenth entury, is to determine whih positive integers n are
the areas of right triangles with rational side lengths. Suh integers are alled ongruent
numbers. The problem of determining whether or not n is a ongruent number is related to
omputing the rank of the ellipti urve
(1.1) En : y
2 = x3 − n2x.
It is well known [10℄ that a positive square-free integer n is ongruent if and only if the rank
of En(Q), say r(n), is non-zero. This riterion has led to many innite families of ongruent
numbers. For example, see [4℄, if p and q are distint primes, then we have:
• Heegner: 2p is a ongruent number when p ≡ 3 (mod 8)
• Monsky: 2pq is ongruent whenever p ≡ 1 (mod 8), q ≡ 3, 7 (mod 8) and
(
p
q
)
= −1.
Similarly, there are many results that yield innite families of non-ongruent numbers. For
example, if p, q, r, pj are distint primes, then we have:
• Lagrange: pqr is non-ongruent when p, q ≡ 1 (mod 8), r ≡ 3 (mod 8), and
(
p
q
)
=(
p
r
)
= −1, [4℄,
• Iskra: p1 · · · pℓ is non-ongruent when pj ≡ 3 (mod 8) for all j and
(
pj
pk
)
= −1 for all
j < k, [8℄.
These examples show how the rank of En is intrinsially related to the quadrati relationships
between the prime fators of n. We will see this in our analysis as well.
We are interested in the size of three dierent Selmer groups, whih we refer to as the
2-Selmer groups. Let [2] be the multipliation by 2 map, and let φ and φˆ denote the degree
2 isogenies suh that φφˆ = [2]. More preisely, the 2-dual urve of En is E
′
n : y
2 = x3 +4n2x
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and φ : En → E ′n is dened by φ(x, y) = (y2/x2, y(n2−x2)/x2). The 2-Selmer groups are the
Selmer groups assoiated to these maps, namely, S(2)(En), S
(φ)(En), and S
(φˆ)(En). It is a
fat that
∣∣S(2)(En)∣∣ = 22+s(n), ∣∣S(φ)(En)∣∣ = 2sφ(n), and ∣∣∣S(φˆ)(En)∣∣∣ = 22+sφˆ(n) for non-negative
integers s(n), sφ(n), and sφˆ(n). The fundamental inequality that relates s(n) and r(n) is
(1.2) r(n) ≤ s(n).
Thus information about s(n) allows us to gather information about r(n). The method of
omputing S(2)(En) to gain information about the group of rational points on En is referred
to as full 2-desent. Sine the rank of S(2)(En) is more aessible than r(n), it has attrated
great interest in reent years (for example see [3, 4, 5, 6, 7, 9℄).
A seond approah via desent to estimating r(n) is the method of desent via isogeny.
In this approah, the sizes of S(φ)(En) and S
(φˆ)(En) are used to approximate r(n). In this
approah the fundamental inequality that relates S(φ)(En) and S
(φˆ)(En) to r(n) is
(1.3) r(n) ≤ sφ(n) + sφˆ(n).
We ount the number of square-free integers up to X that have 2-Selmer group of a given
size. This problem was taken up and answered preisely by Heath-Brown in a pair of papers
[6, 7℄. Let λ :=
∏∞
j=1 (1 + 2
−j)
−1
, and for r = 0, 1, 2, · · · let dr := λ 2rQ
1≤j≤r(2
j−1)
and let
S(X, h) := {1 ≤ n ≤ X : n ≡ h (mod 8), n square-free}.
If h = 1 or 3 and r is even, or if h = 5 or 7 and r is odd, then he showed that
(1.4) |{n ∈ S(X, h) : s(n) = r}| ∼ dr |S(X, h)| .
We use dierent tehniques and obtain related results. Heath-Brown remarks on page 336
of [7℄ that one should onsider the rate of onvergene to the limiting distribution in (1.4) as
depending on the number of prime fators of the number n. For this reason we onsider the
problem of determining an asymptoti for n ∈ S(X, h, k) with 2-Selmer groups a given size,
where S(X, h, k) is the set of all square-free integers less than X ongruent to h modulo 8
whih have exatly k prime fators.
In ontrast to the theorems of [6, 7℄ that deal with full 2-desent, our theorems are on-
erned with the desent via isogeny.
Theorem 1.1. In the notation above we have∣∣∣{n ∈ S(X, 3, k) : sφ(n) = sφˆ(n) = 0}∣∣∣ = c3(k)(+o(1)) |S(X, 3, k)|
=c3(k)(1 + o(1))X · (log logX)
k−1
4(k − 1)! logX ,∣∣∣{n ∈ S(X, 2, k) : sφ(n) = sφˆ(n) = 0}∣∣∣ =c2(k)(1 + o(1)) |S(X, 2, k)|
=c2(k)(1 + o(1))X · (log logX)
k−2
2(k − 2)! logX ,
where c3(k) :=
k
2k−1
q(k), c2(k) :=
2k−1−1
22k−2
q(k), and q(k) :=
∏⌊k
2
⌋
j=1
(
1− (1
2
)2j−1)
.
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We also give a similar theorem for the Selmer groups S(φ)(En) and S
(φˆ)(En). Let ω(n) be
the number of prime fators of n.
Theorem 1.2. Let R(X, k) := {n < X : n square-free, n ≡ 5 (mod 8) with all prime fators ≡
1 (mod 4), ω(n) = k} and K(X, k) := {n < X : all prime fators ≡ 1 (mod 8), ω(n) =
k, n square-free}. If 0 ≤ r ≤ k − 1, then∣∣{n ∈ R(X, k) : sφ(n) = r + 1}∣∣ = q(k, r)(1 + o(1)) |R(X, k)| ,∣∣∣{n ∈ R(X, k) : sφˆ(n) = r + 2}∣∣∣ = q(k, r)(1 + o(1)) |R(X, k)| ,∣∣{n ∈ K(X, k) : sφ(n) = r + 2}∣∣ = q(k, r)(1 + o(1)) |K(X, k)| ,∣∣∣{n ∈ K(X, k) : sφˆ(n) = r + 2}∣∣∣ = q(k, r)(1 + o(1)) |K(X, k)| ,
where
q(k, s) := d(k − 1, s) · 2(k−s2 )−(k2)
⌊k−s
2
⌋∏
j=1
(
1−
(
1
2
)2j−1)
and d(m, s) =
r−1∏
i=0
2m − 2i
2s − 2i .
Additionally, |R(X, k)| = (1+o(1)) 1
2k+1(k−1)!
X· (log logX)k−1
logX
and |K(X, k)| = (1+o(1)) 1
4k(k−1)!
X·
(log logX)k−1
logX
.
Conjeturally, the rank of an ellipti urve is related to analyti behavior of the L-funtion
assoiated to En. Let L(En, s) be the L-funtion assoiated to the ellipti urve En. Then
we have the following onjeture of Birh and Swinnerton-Dyer.
Conjeture (Birh and Swinnerton-Dyer forEn). If En : y
2 = x3−n2x, then ords=1L(En, s) =
r(n). Further if r(n) = 0, then
(1.5) L(En, 1)/Ωn = 2
ℓ(n) |X(En)| ,
where the onstant Ωn is given by
(1.6) Ωn :=
1√
n
∫ ∞
1
(x3 − x)−1/2dx
and ℓ(n) is a non-negative integer. Also, X(En) is the Tate-Shafarevih group of En over
Q.
A speial ase of a famous theorem of Rubin [15, 16℄, implies that sine En has omplex
multipliation by Z[i], if L(En, 1) 6= 0, then the group X(En/Q) is nite and the odd
parts of both sides of equation (1.5) are equal. Thus, Rubin's result proves the Birh and
Swinnerton-Dyer onjeture for En with r(n) = 0 up to a power of 2. For many ases we
are able to ompute the power of 2 appearing in both sides of equation (1.5) and show that
they are equal. Hene, we onlude the truth of the Birh and Swinnerton-Dyer onjeture
for the ellipti urve En, for many values of n.
An advantage of the approah used here, that is restriting the number of prime fators,
is that we an analyze the analyti properties of the L-funtions at the same time we study
the arithmeti properties of En. This is a result of the fat that the same ombinatorial
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onditions used to analyze the size of the 2-Selmer groups appear in the analysis of the
2-power in the L-value. In fat, Zhao in a series of papers [19, 20, 21, 22℄ desribed these
onditions. Combining our results with Zhao's work and the work of Feng and Xiong [5℄,
gives the following:
Theorem 1.3. Let q(k) be as in Theorem 1.1.
(1) Let B3(X, k) be the set of all n < X with ω(n) = k, n ≡ 3 (mod 8), where n has
exatly one prime fator ongruent to 3 modulo 8, all other prime fators are 1 modulo
8. For any k, the Birh and Swinnerton-Dyer Conjeture is true for all n ∈ B3(∞, k)
with sφ(n) = sφˆ(n) = 0. Moreover, we have that∣∣∣{n ∈ B3(X, k) : sφ(n) = sφˆ(n) = 0}∣∣∣ = q(k)(1 + o(1)) |B3(X, k)| .
Additionally, |B3(X, k)| = (1 + o(1)) k4k(k−1)!X · (log logX)
k−1
logX
.
(2) Let B2(X, k) be the set of all n < X with n ≡ 2 (mod 8), ω(n/2) = k, n has all odd
prime fators ongruent to 1 modulo 4. For any k, the Birh and Swinnerton-Dyer
Conjeture is true for all n ∈ B2(∞, k) with sφ(n) = sφˆ(n) = 0. Moreover, we have
that∣∣∣{n ∈ B2(X, k) : sφ(n) = sφˆ(n) = 0}∣∣∣ = 2k − 1
2k
q(k)(1 + o(1)) |B2(X, k)| .
Additionally, |B2(X, k)| = (1 + o(1)) 12k+1(k−1)!X · (log logX)
k−1
logX
.
Remark. This theorem gives information about the number of twists of L(E1, s) whih have
L(En, 1) 6= 0. Ono and Skinner [13, 14℄ have given muh more general results whih establish
lower bounds for the number of twists of an L-funtion whih have non-vanishing of the
entral value. Similar to this result, their results are based on showing the oddness of the
algebrai part of the L-value.
Theorem 1.3 veries BSD for all urves En with trivial 2-Selmer groups S
(φ)(En) and
S(φˆ)(En) suh that the prime fators of n are subjet to some ongruene onditions. It is
possible to use the work of Zhao [22℄ and Li and Tian [11℄ to verify the full BSD onjeture
for an innite lass of urves En whose Tate-Shafarevih group has non-trivial 2-part.
Theorem 1.4. Let D1(X, k) be the set of all n < X with ω(n) = k, n ≡ 1 (mod 8), n
has all prime fators ongruent to 1 modulo 8. Then for any k, the Birh and Swinnerton-
Dyer Conjeture is true for all n ∈ D1(∞, k) with sφ(n) = 2, sφˆ(n) = 0 and X(En)[2] =
Z/2Z × Z/2Z. Also if the onditions on the Selmer groups and Tate-Shafarevih group are
satised then r(n) = 0. Finally,∣∣∣{n ∈ D1(X, k) : sφ(n) = 2, sφˆ(n) = 0,X(En)[2] = Z/2Z× Z/2Z}∣∣∣
≥ q(k)1
2
(1 + o(1)) |D1(X, k)| = q(k)
22k+1(k − 1)!(1 + o(1))X ·
(log logX)k−1
logX
.
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Briey our approah to showing the vanishing of the φ and φˆ-Selmer groups for the urve
En follows from ongruene onditions on the prime fators of n along with the equidistribu-
tion of the Legendre symbol. Feng [4℄ introdued the language of odd graphs to enode the
neessary information about the Legendre symbol. In Setion 2 we introdue his language
and some related results that we will need in our analysis. Setion 3 puts ongruene ondi-
tions on a lassial theorem of Landau whih gives an asymptoti for the number of integers
less than X with a xed number of prime fators as X tends to innity. The equidistribution
of the Legendre symbol that is needed essentially follows from work of Cremona and Odoni
[2℄ and is realled in Setion 4. In Setion 5 we ombine the results of Setions 2-4 to give the
proofs of Theorems 1.1 and 1.2. Finally, in Setion 6 we use Zhao's results [19, 20, 21, 22℄
to verify some ases of the Birh and Swinnerton-Dyer Conjeture.
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2. Counting Selmer Groups Via Odd Graphs
The theory of odd graphs, initiated by Feng [4℄, has been used in many plaes to ount
Selmer groups, see [3, 4, 5℄. This setion desribes two theorems of Feng and Xiong [5℄ that
gives neessary and suient onditions for the triviality of the φ and φˆ-Selmer groups. We
will also desribe some results of Faulkner and James [3℄ whih we will use to prove Theorem
1.2. We now desribe the graphs we will be interested in.
Throughout this setion, unless otherwise stated, suppose that n is an odd square-free
integer with n = p1 . . . pt > 0. Dene the direted graphs G(n), G(−n), G′(n) by
(2.1) V (G(n)) := {p1, . . . , pt} and E(G(n)) :=
{
−−→pipj :
(
pi
pj
)
= −1, 1 ≤ i 6= j ≤ t
}
,
V (G(−n)) :={−1, p1, . . . , pt} and(2.2)
E(G(−n)) :=
{
−−→pipj :
(
pi
pj
)
= −1, 1 ≤ i 6= j ≤ t, pi 6= 3 (mod 4)
}
(2.3)
∪
{−−−→
(−1)r : r ∈ {p1, · · · , pr}, r ≡ ±3 (mod 8)
}
,
V (G′(n)) :={2, p1, . . . , pt} and(2.4)
E(G′(n)) :=
{
−−→pipj :
(
pi
pj
)
= −1, 1 ≤ i 6= j ≤ t, pi 6= 3 (mod 4)
}
(2.5)
∪
{−→
r2 : r ∈ {p1, · · · , pr}, r ≡ ±5 (mod 8)
}
,
where V (·) and E(·) stand for the vertex set and edge sets of the graph.
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Denition 2.1. Suppose that G is a graph with vertex set V and edge set E. A partition
of G is a pair (S, T ) of sets suh that S ∩ T = ∅ and S ∪ T = V . A partition (S, T ) is even
provided that all v ∈ S have an even number of edges direted from v to verties in T and
all v ∈ T have an even number of edges direted from v to verties in S.
In partiular, the partitions (G, ∅) and (∅, G) are always even partitions. We all these
the trivial partitions. Let e(G) be the number of even partitions of the graph G.
Denition 2.2. A graph G is alled even provided that it admits a nontrivial even partition.
A graph G is said to be odd provided that its only even partitions are trivial.
We reall two theorems of [5℄ that we will use to obtain Theorem 1.1.
Theorem 2.3 (Theorem 2.4 of [5℄). Suppose that n ≡ ±3 (mod 8). Then S(φ)(En) = {1}
and S(φˆ)(En) = {±1,±n} if and only if the following three onditions are satised:
(1) n ≡ 3 (mod 8)
(2) n = p1 . . . pt, p1 ≡ 3 (mod 4) and pj ≡ 1 (mod 4) for (2 ≤ j ≤ t).
(3) G(n) is an odd graph.
Theorem 2.4 (Theorem 2.6 of [5℄). Suppose that 2 ‖ n then S(φ)(En) = {1} and S(φˆ)(En) =
{±1,±n} if and only if G′(n/2) is odd. Furthermore, if S(φ)(En) = {1} and S(φˆ)(En) =
{±1,±n} then all odd primes dividing n are 1 modulo 4 and there is at least one that is 5
modulo 8.
We now state the results of Faulkner and James that we will use. The following ombines
speial ases of Theorems 1.4 and 1.5 of [3℄.
Theorem 2.5. With the notation from above, we have
(1) If n ≡ 5 (mod 8), and n has all primes ongruent to 1 modulo 4, then∣∣S(φ)(En)∣∣ = e(G(n)),
and ∣∣∣S(φˆ)(En)∣∣∣ = 2 · e(G(n)).
(2) If n ≡ 1 (mod 8) and all the prime fators of n are ongruent to 1 modulo 8, then∣∣S(φ)(En)∣∣ = 2 · e(G(n)),
and ∣∣∣S(φˆ)(En)∣∣∣ = e(G(−n)).
2.1. Approah For Asymptotis. The approah for using Theorems 2.3 and 2.4 to prove
Theorem 1.1 is the following: For any n that satises the rst two onditions of Theorem 2.3,
by quadrati reiproity G(n) is an undireted graph. Furthermore, by Dirihlet's theorem
on primes in arithmeti progressions and indution on the number of prime fators of n, we
see that for any undireted graph G there exist innitely many n suh that G(n) = G.
Given that there are innitely many n suh that eah undireted graph G appears as
G(n), one might hope that seleting n (that satises the rst two onditions of Theorem
2.3) at random would result in seleting a random graph G(n). To make this more preise
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we x an integer k. Say {n1, n2, n3, . . . , nM} is the set of all appropriate integers less than
some X with k prime fators. Then we might hope that if we look at the list of graphs
(G(n1), G(n2), . . . , G(nM)) then eah undireted graph on k verties appears in the list with
equal proportion. If this is true, then the proportion of n ∈ {n1, n2, . . . , nM} that have
S(φ)(n) and S(φˆ)(n) trivial should be the same as the probability that a random undireted
graph on k verties is odd.
2.2. Probability of Odd Graphs. Before moving on, we reall the results of [1℄ about the
probability that a graph on k verties is odd and some results onneting the number of odd
partitions of a graph and the rank of an assoiated matrix over F2.
If G = (V,E) is a graph with verties v1, · · · , vk, then dene the adjaeny matrix A(G)
of a graph G by A(G) = (aij)1≤i,j≤k where for i 6= j, aij = 1 if −−→vivj ∈ E(G) and 0 otherwise
and aii = 0. Let di =
∑k
j=1 aij (mod 2). The Laplae matrix of G is dened by L(G) =
diag(d1, · · · , dk) + A(G).
Lemma 2.6 (Lemma 2.2 [5℄). Let G = (V,E) be a direted graph, k = |V | and r =
rankF2
L(G). Then the number of even partitions of G is 2k−r. In partiular, G is an odd
graph if and only if r = k − 1.
Remark. In fat, [3℄ shows an expliit relationship between elements of the kernel of the
matrix L(G) and elements of the Selmer groups under onsideration.
Theorem 2.7 (Theorem 1.6 [1℄). Let G be an undireted graph on k verties. Denote the
probability that G has 2e+1 even partitions by q(k, e), for 0 ≤ e ≤ k − 1. Then
q(k, e) = 2(
k−e
2 )−(
k
2)d(k − 1, e)
⌊k−e
2
⌋∏
j=1
(
1−
(
1
2
)2j−1)
,
where d(m, j) :=
∏j−1
i=0
2m−2i
2j−2i
.
Also in [1℄ one nds the following proposition.
Proposition 2.8. Denote the probability that a k × k matrix over F2 has rank k by p(k).
Then p(k) = q(k + 1, 0) =
∏⌊(k+1)/2⌋
j=1 (1− 2−2j+1), where q(k + 1, k) is as in Theorem 2.7.
We will need the following proposition as well.
Proposition 2.9. Let A be a k × k symmetri matrix over F2. Given that the sum of the
rows of A is v = (0, · · · , 0, 1, · · · , 1)T for some vetor with j > 0 1's, the probability that A
has rank k is p(k − 1) = q(k, 0), independent of j.
Proof. If j = 1, then apply the remark after Theorem 2.6 of [5℄. If j ≥ 2, then we an nd
a hange of basis matrix Λ suh that Λv = (0 · · ·0 1)T . Thus ΛTAΛ is a symmetri matrix
with the same rank as A and we are redued to the j = 1 ase. 
Remark. Monsky, in an appendix to [7℄, gives a way to ompute the size of S(2)(n) by
omputing the F2 rank of larger matrix than any of the ones we onsider here.
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3. Square-free Integers with fators in Speified Congruene Classes
In this setion we answer the question of how many integers n < X have exatly k prime
fators where eah lies in a speied ongruene lass modulo m, for some m. The most
lassial result in this diretion, due to Landau, states:
(3.1) |{n ≤ X : Ω(n) = k}| ∼ |{n ≤ X : ω(n) = k}| ∼ X(log logX)
k−1
(k − 1)! logX ,
where Ω(n) is the number of prime fators of n ounted with multipliity and ω(n) is the
number of prime fators of n ounted without multipliity.
We x the following notation: for a xed positive integer m > 1, we let 1 = r1 < · · · <
rφ(m) < m be the φ(m) standard representatives for (Z/mZ)
×
. Dene πk(X ;m; a1, · · · , aφ(m))
to be the number of n ≤ X with ω(n) = k and n is square-free with exatly aj prime fators
ongruent to rj (mod m) for 1 ≤ j ≤ φ(m). We have the following theorem.
Theorem 3.1. Let k and m be xed positive integers with m > 1 and let X be a positive
real number. If 0 ≤ a1, a2, · · · , aφ(m) ≤ k are integers suh that a1 + a2 + · · · + aφ(m) = k,
then
πk(X ;m; a1, a2, · · · , aφ(k)) = (1 + o(1)) k!
a1!a2! · · ·aφ(m)!
1
φ(m)k(k − 1)!
X(log logX)k−1
log(X)
.
We will prove Theorem 3.1 by indution on the number of non-zero aj . The base ase is
where just one of the aj is non-zero. As short hand we write πk(X ;m; b) = πk(X ;m; a1, · · · , aφ(m))
where there is a j with rj = b and aj = k. In this ase we neessarily have ai = 0 for all
i 6= j.
Proposition 3.2. If m is a positive integer greater than 1 and b is a positive integer relatively
prime to m, then
πk(X ;m; b) = (1 + o(1))
1
φ(m)k(k − 1)!
X(log logX)k−1
log(X)
.
This result follows from a trivial modiation of the proof of Landau's result. For a proof
of Landau's result see [12℄. To omplete the indution we will need the following two lemmas.
Lemma 3.3. Let k be a positive integer, and C a positive real number. Let S be a set of
positive integers suh that
S(X) := |{n ≤ X : n ∈ S}| = (1 + o(1)) C
(k − 1)!
X(log logX)k−1
log(X)
,
as X →∞. We have that∫ X1/2
2
S(t)
t2 log(X/t)
dt = (1 + o(1))
C
k!
(log logX)k
log(X)
.
Proof. For any ǫ > 0, there exists an N suh that for all X > N ,∣∣∣∣S(X)− C(k − 1)!X(log logX)
k−1
logX
∣∣∣∣ < ǫ C(k − 1)!X(log logX)
k−1
logX
.
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Therefore it follows that∫ X1/2
2
S(t)
t2 log(X/t)
dt =
∫ N
2
S(t)
t2 log(X/t)
dt+
∫ X1/2
N
S(t)
t2 log(X/t)
dt
=O
(
logN
logX
)
+
∫ X1/2
N
S(t)
t2 log(X/t)
dt.
Where we estimate the rst integral by using the fat that S is a set of positive integers and
so S(t) ≤ t.
Now we turn to estimating
∫ X1/2
N
S(t)
t2 log(X/t)
dt. In the range of integration we know that we
may replae S(t) by its asymptoti formula and introdue a small error. Preisely we have∣∣∣∣∣
∫ X1/2
N
S(t)
t2 log(X/t)
dt− C
(k − 1)!
∫ X1/2
N
t(log log t)k−1
t2 log(t) log(X/t)
dt
∣∣∣∣∣ ≤ ǫ C(k − 1)!
∫ X1/2
N
t(log log t)k−1
t2 log(t) log(X/t)
dt.
We have∫ X1/2
N
(log log t)k−1
t log(t) log(X/t)
dt =
1
log(X)
∫ X1/2
N
(log log t)k−1
t log(t)
(
1 +O
(
log(t)
log(X)
))
dt
=
(log logX)k
k log(X)
+O
(
1
(logX)2
∫ X1/2
N
(log log t)k−1
t
dt
)
=
(log logX)k
k log(X)
+O
(
(log logX)k−1
logX
)
.
Thus we may onlude that∫ X1/2
2
S(t)
t2 log(X/t)
dt =
C(log logX)k
k! log(X)
(1 + o(1)) +O
(
logN
logX
)
.
Taking N to be of size log logX is suient to yield the onlusion of the lemma. 
Lemma 3.4. Let k1, k2 be positive integers and C1 and C2 be positive numbers. Let S1 and
S2 be two sets of positive integers suh that for eah j
Sj(X) := |{n ≤ X : n ∈ Sj}| = (1 + o(1)) Cj
(kj − 1)!
X(log logX)kj−1
log(X)
,
as X →∞. We have that
S1,2(X) := |{(n1, n2) ∈ S1 × S2 : n1n2 ≤ X}| = (1 + o(1)) C
(k1 + k2 − 1)!
X(log logX)k1+k2−1
logX
,
where C = C1C2(k1+k2−1)!
(k1−1)!(k2−1)
(
1
k1
+ 1
k2
)
.
Proof. We abuse notation and refer to Sj(X) as the set of elements in Sj whih are less than
or equal to X , as well as the size of the set of elements of Sj up to X . The use of the symbol
will be lear from the ontext.
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Begin with the following inlusion-exlusion-like identity
S1,2(X) =
∑
t∈S2(X1/2)
S1(X/t) +
∑
t∈S1(X1/2)
S2(X/t)− S1(X1/2)S2(X1/2).
This identity follows from the fat that the rst two sums will ount everything in the set
S1,2(X), while over ounting preisely those elements whih equal n1n2 where n1 ∈ S1 and
n2 ∈ S2 and both n1 and n2 are smaller than X1/2.
By assumption we have
S1(X
1/2)S2(X
1/2) = O
(
X(log logX)k1+k2−2
(logX)2
)
,
and this is well within our expeted error. We now estimate the rst sum.
Sine t ≤ X1/2 we know that X/t ≥ X1/2, so we may apply our asymptoti to obtain∑
t∈S2(X1/2)
S1(X/t) = (1 + o(1))
C1
(k1 − 1)!X
∑
t∈S2(X1/2)
(log logX/t)k1−1
t log(X/t)
.
Using the fat that log log(X/t) = log logX + log
(
1− log t
logX
)
= log logX + O(1) for t ∈
[1, X1/2], we obtain
(3.2)
∑
t∈S2(X1/2)
S1(X/t) = (1 + o(1))
C1
(k1 − 1)!X(log logX)
k1−1
∑
t∈S2(X1/2)
1
t log(X/t)
.
We have∑
t∈S2(X1/2)
1
t log(X/t)
=
∫ X1/2
2
1
t log(X/t)
dS2(t)
=
S2(X
1/2)
X1/2 log(X1/2)
−
∫ X1/2
2
S2(t)
t2(log(X/t))2
dt+
∫ X1/2
2
S2(t)
t2 log(X/t)
dt
=O
(
(log logX)k2−1
(logX)2
)
− O
(
(log logX)k2
(logX)2
)
+ (1 + o(1))
C2
k2!
(log logX)k2
log(X)
= (1 + o(1))
C2
k2!
(log logX)k2
log(X)
,
where we use the fat that∫ X1/2
2
S2(t)
t2(log(X/t))2
dt≪ 1
logX
∫ X1/2
2
S2(t)
t2 log(X/t)
dt
and Lemma 3.3 to estimate the rst integral.
Combining this with equation (3.2) we obtain∑
t∈S2(X1/2)
S1(X/t) = (1 + o(1))
C1C2
(k1 − 1)!k2!
X(log logX)k1+k2−1
logX
.
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The exat same argument for the sum
∑
t∈S1(X1/2)
S2(X/t), shows that
S1,2(X) = (1 + o(1))
(
C1C2
(k1 − 1)!k2! +
C1C2
k1!(k2 − 1)!
)
X(log logX)k1+k2−1
logX
.

With this lemma in hand we prove Theorem 3.1.
Proof of Theorem 3.1. Using Proposition 3.2 as the base ase, the result now follows by
indution with a straightforward appliation of Lemma 3.4. 
4. Independene of Legendre Symbols
The main theorem of this setion is to prove that the Legendre symbols are independent;
this allows us to onlude that the graphs disussed in Setion 2 are asymptotially uniformly
distributed. This theorem is a simple extension of the results in Setion 3 of [2℄. As a result
we do not inlude the proof here. Instead we only remark that to obtain this theorem one
would follow the argument of [2℄ but would need to add the additional onstraint on the L-
funtions onsidered to take into aount the additional ongruene onditions on the prime
fators pj . Speially, we have the following theorem:
Theorem 4.1. Let k ≥ 2 be a positive integer. Fix ǫij ∈ {−1, 1} and δj ∈ {1, 3, 5, 7} for
1 ≤ j ≤ k and 1 ≤ i < j ≤ k. For ease of notation let δ = (δ1, · · · , δk). Let Ck(X, δ) be
the set of k-tuples (p1, · · · , pk) of primes with 2 < p1 < p2 < · · · < pk ≤ X, p1 · · · pk ≤ X,
pj ≡ δj (mod 8). Then the number of elements of Ck(X, δ) with
(
pi
pj
)
= ǫij for i < j, is
2−(
k
2)(1 + o(1)) |Ck(X, δ)| .
5. Selmer Group Asymptotis
In this setion we give the proofs of Theorems 1.1 and 1.2. The strategy for the proofs
was explained in Setion 2. Here we quikly give the proofs, whih amount to ombining the
results from the previous setions.
Proof of Theorem 1.1. Begin with the ase n = p1p2 · · · pk ≡ 3 (mod 8). Then by Theorem
2.3 and Lemma 2.6, we know that sφ(n) = sφˆ(n) = 0 if and only if n = p1p2 · · · pk with
p1 ≡ 3 (mod 4), pj ≡ 1 (mod 4), and G(n) has exatly 2 even partitions (after suitable
renaming the pj). By Theorem 3.1, we know that the number of n ≡ 3 (mod 8) with
the neessary ongruene onditions on the prime fators is
k
2k−1
(1 + o(1)) |S(X, 3, k)|. By
Theorems 2.7 and 4.1, we know that of all the n with the neessary ongruene onditions on
the prime fators the proportion of them with G(n) odd is q(k, 0)(1+ o(1)) = q(k)(1+ o(1)).
The result follows.
The proof for n ≡ 2 (mod 8) is similar. However instead of appealing to Theorem 2.7
we use Proposition 2.9. From Theorem 2.4, we know that if sφ(n) = sφˆ(n) = 0 for some
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n ≡ 2 (mod 8), then there are no primes ongruent to 3 modulo 4 that divide n. Say
n = 2p1 · · · pk−1 has k − 1 odd prime fators. Hene L(G′(n)) is a k × k matrix with
L(G′(n)) =
(
A v
0 · · ·0 0
)
,
where A is a symmetri (k − 1)× (k − 1) matrix determined by
(
pi
pj
)
and the vetor v is a
matrix with the same number of 1's as primes ongruent to 5 modulo 8, whih by Theorem
2.4 is neessarily larger than zero. Now we know that the sum of the rows of L(G′(n)) is 0. So
we know, by Lemma 2.6 that the graph G′(n) is odd if and only if the matrix A has full rank.
We apply Proposition 2.9 to see the probability that G′(n) is odd is q(k − 1, 0) = q(k − 1).
Finally, we apply Theorem 4.1 to justify that eah possible k× k matrix appears with equal
probability. 
Proof of Theorem 1.2. Our starting point is Theorem 2.5. This proof is similar to the proof of
Theorem 1.1, however it is important to realize that beause the onditions on the prime fa-
tors of n the graphs are all undireted or equivalently all the matries L(G(n)) or L(G(−n))
are symmetri matries. Therefore we may apply Theorem 2.7 to determine the probability
that the matrix has a given rank. We apply Theorem 4.1 to see that it is appropriate to
treat the graphs appearing for suh n as random undireted graphs. 
6. Verifying BSD
In this setion we prove Theorems 1.3 and 1.4. The proof of the rst of these theorems
amounts to ombining results from the work of Feng and Xiong, [5℄, the work of Zhao
[19, 21, 22℄, and the results from this paper. The seond theorem uses some work of Zhao
[20℄ and work of Li and Tian [11℄.
Beause the work of Zhao is important we will state one of his three theorems whih we
will employ. Let L(ψn2 , s) denote the Heke L-funtion orresponding to the dual of ψn2
whih is the Grössenharater of Q[i] attahed to En. See [19℄ for more details. Let Ωn be
as in equation (1.6).
Theorem 6.1 (Theorem 2 of [19℄). Suppose n = p1 · · ·pm with p1 ≡ 3 (mod 8) and pj ≡
1 (mod 8) for all j > 1. The power of 2 in L(ψn2, 1)/Ωn is greater than or equal to 2m− 1
with equality if and only if G(n) is odd.
Reall that for n with the prime fatorization of this theorem we know from Theorem 2.3
that s(n) = 0 and thus X(En) is odd when G(n) is odd. Sine the ondition for the lowest
power of 2 is the same here as it is for X(En) to be odd we are able to verify the Birh and
Swinnerton-Dyer Conjeture. Indeed, Zhao gives:
Proposition 6.2 (Proposition 3 of [19℄). Suppose n ≡ 3 (mod 8), n has one prime fator
ongruent to 3 modulo 8 and all others ongruent to 1 modulo 8. If G(n) is odd, then the
Birh and Swinnerton-Dyer Conjeture is true.
Proof of Theorem 1.3. Theorem 2.3 shows that n ∈ B3(X, k), sφ(n) = sφˆ(n) = 0 if and only
if the graph G(n) is odd. Proposition 6.2 shows that for suh n the Birh and Swinnerton-
Dyer onjeture is true. Finally, applying Theorem 2.7 and Theorem 4.1, we obtain the
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asymptoti, as in the proof of Theorem 1.1. To prove the seond ase of this theorem, we
use Theorem 2.4 and Corollary 3 of [21℄. 
The same proof using the main theorem of [22℄ with Theorem 2.5 of [5℄ gives the following
proposition.
Proposition 6.3.
Let B1(X, k) be the set of all n < X with ω(n) = k, n ≡ 1 (mod 8), n has exatly two prime
fators ongruent to 3 modulo 8, all other prime fators are 1 modulo 8. Then for any k, the
Birh and Swinnerton-Dyer Conjeture is true for all n ∈ B1(∞, k) with sφ(n) = sφˆ(n) = 0.
Sine the ombinatoris of this ase are a bit messier we do not bother to present the
asymptotis. Before we an prove the nal result of this paper, we must give one more
denition and one more lemma.
Denition 6.4. Let p ≡ 1 (mod 8) be prime. Then set δ(p) = 1 if we have one of the
following:
• p ≡ 1 (mod 16) and
(
2
p
)
4
= −1
• p ≡ 9 (mod 16) and
(
2
p
)
4
= 1,
and set δ(p) = 0 otherwise. Here
(
2
p
)
4
is the quarti harater. For an integer n = p1 · · · pk
with eah pj ≡ 1 (mod 8), set δ(n) =
∑k
i=1 δ(pi) (mod 2).
The following result is important for Theorem 1.4
Proposition 6.5 (Li and Tian [11℄). Let n ∈ D1(X, k), where D1 is as in Theorem 1.4.
We have G(n) is an odd graph and δ(n) = 1 then sφ(n) = 2, sφˆ(n) = 0 , and X(En)[2] =
Z/2Z× Z/2Z .
The onverse diretion should also be true, but for brevity we do not give the proof.
Proving the onverse diretion would result in an equality in Theorem 1.4 rather than the
lower bound given.
Theorem 6.6 (Theorem 1 of [20℄). Suppose n ∈ D1(X, k). Then the power of 2 in
L(ψn2, 1)/Ωn ≥ 2k and there is equality if and only if δ(n) is odd and G(n) is an odd
graph.
Proof of Theorem 1.4. For n ∈ D1(X, k) we proeed as in the proof of Theorem 1.3. Zhao
[22℄ proved that the power of 2 in the L-value is as small as possible if and only if G(n) is
odd and δ(n) is odd. The previous proposition proves that the power of 2 in X(En) is as
small as possible (in this ase 2) if and only if δ(n) is odd and G(n) is odd. Now we obtain
the asymptoti by applying Theorem 4.1 ombined with Theorem 2.7 and noting that for
|{n ∈ D1(X, k) : δ(n) = 1}| = (1/2 + o(1)) |D1(X, k)|. Tehnially we would need a version
of Theorem 4.1, whih has δj ∈ {1, 9} and we onsider the pj modulo 16 instead of 8. But
the proof goes through the same as the ase we handle. 
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